


To parameterize a sphere of radius r centered at the origin, we know
that the cross section of the sphere with each of the xy-, xz-, and
yz-planes should be a circle of radius r. We can use this to build our
parameterization:

(r cos(t), rsin(t), 0) (0, rsin(s), rcos(s)) (r sin(s), 0, rcos(s))



(r cos(t), rsin(t), 0) (r cos(lQ@inéh);(ﬁin(:t)s(s)()s), rcos(s)Or sin(s), 0, rcos(s))



0<t<27,0<s<m
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This parameterization is a map from spherical coordinates,
rst-space, to rectangular coordinates, xyz-space:

rst-Rectangular Prism xyz-Sphere

radius: r,

X(r,s,t) =rcos(t)sin(s)

y(r,s, t) = rsin(t)sin(s)
z(r,s,t) =rcos(s)
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Spherical coordinates are ordered triples (r,s,t) with r as
the radius, s as the zenith angle, and t as the azimuthal
angle.
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« Zenith: Arabic for “over
one’s head’, to Old

Spanish, to Medieval Latin,
to Middle French, to Middle
English, to Modern English

* Azimuth: Arabic for “the
way”, Medieval Latin, to
Middle English, to Modern
English
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Hence, we can find a volume conversion factor for our mapping:

X(r, s, t) = rcos(t)sin(s)
y(r,s, t) = rsin(t)sin(s)
z(r,s,t) =rcos(s)

nyz(r,s, t) =

Created by Ch

oXx 0y oz
or or or
OX 0y 0z
0os 0Os Os
OX 0Oy 0z
ot ot ot
cos(t)sin(s)
= |rcos(t) cos(s)

sin(t) sin(s)

rsin(t) cos(s)

—rsin(t)sin(s) rcos(t)sin(s)

= r’ sin(s)

cos(s)
—rsin(s)
0




This parameterization is a map from spherical coordinates,
rst-space, to rectangular coordinates, xyz-space:

rst-Rectangular Prism xyz-Sphere

radius: r,

V,,(rs,t) = r‘ sin(s)

5

x(r,s, t) =rcos(t)sin(s)

y(r,s, t) = rsin(t)sin(s)
z(r,s,t) =rcos(s)



Find the volume of the solid described by x° + y* + z> <9 using
a triple integral:

N

T

Nicer rst-Space Integral: _[ ‘ﬁ‘rz sin(s)‘dr ds dt
000

X(r, s, t) = rcos(t)sin(s)
y(r,s, t) = rsin(t)sin(s)
z(r,s,t) =rcos(s)
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Find the volume of the solid described by x* + y* + z° = 9 using

a triple integral:

‘rz sin(s)‘dr ds dt

r3 r=3
[3 sin(s)} ds dt

r=0

9sin(s)ds dt

Oty ) O Sy

|:—9 cos(s)]:; dt

—9(cos(7c) — cos(O)) dt

Tls dt = 361'C
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B xamplCRZimAdEiammRteerana!

R

x* +y? + z°dx dy dz over the region contained

within x> +y*+2z>=9:  X(r,s,t) = rcos(t)sin(s)
y(r,s, t) = rsin(t)sin(s)
z(r,s,t) = rcos(s)

QQ—.;]

i((r cos(t) sin(s))2 + (r sin(t) sin(s))2 + (r cos(s))z)(r2 sin(s))dr ds dt
0

(r2 sin’ (s)(cos2 (t) + sin® (t)) + (r cos(s))z)(r2 sin(s))dr ds dt

Ot=my oty

Oty O Gy

(r2 sin®(s) +r? cosz(s))(r2 sin(s))dr ds dt S ho rtcut’)’)

r* sin(s)dr ds dt

Il
O'—Qﬁ
o'_'w
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21 r=3

‘!,“I'IH sin(s)dr ds dt = Tﬂ%sin(s)} ds dt

r=0

2T T

= &_”sin(s) ds dt
5 00

_243
5

_243
5

972
=—T
5

T[— cos(s) | dt

27
[2adt
0
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Fix r =3 and let 0 < t < 2. Plot the results of letting s vary from 0 to =:
X(r, s, t) = rcos(t)sin(s)

y(r,s, t) = rsin(t)sin(s)

z(r,s,t) =rcos(s)

Try yourself in Mathematica! ) <

Created by Christopher Grattoni. All rights reserved.



Fix r =3 and let 0 < s < . Plot the results of letting t vary from 0 to 2x:

X(r, s, t) = rcos(t)sin(s)
y(r,s, t) = rsin(t)sin(s)
z(r,s,t) =rcos(s)

Try yourself in Mathematica!

Created by Christopher Grattoni. All rights reserved.



Find values for r, s, and t that could give the following plot:

° 4
Possible Answer :
r=3
n -
4 L
__%'I 1

<s< ™
4
<t<2nm

i

e

6
0
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Find values for r, s, and t that could give the following plot:

Possible Answer :

r=3

37
<s< —

4
<St<—
2

H|ia N3

z

-

4
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Plot out a cone with a slant height of 4 whose slant height and altitude

n [
form an angle of S radians.

x(r, s, t) = rcos(t)sin(s)
y(r,s, t) = rsin(t)sin(s)
z(r,s,t) =rcos(s)

Fixs="andlet0<t<2r,0<r<4:

6

x(r,s,t) =rcos(t) sin(g]
y(r, s,t) =rsin(t) sin(g)
z(r, s,t) = rcos(%)

Created by Christopher Grattoni. All rights reserved.
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This parameterization is a map from cylindrical coordinates,'

rst-space, to rectangular coordinates, xyz-space:

rst-Rectangular Prism xyz-Cylinder
radius: r,

height : s,

5

x(r,s,t) =rcos(t)

y(r,s.t) =rsin(t)
z(r,s,t)=s
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We can find a volume conversion factor for our mapping:

x(r,s, t) = rcos(t) ox 0y 0z
y(r,s, t) =rsin(t) or or or
Ox 0y oz

z(r,s,t)=s V. ,(rst)=
ol 0s Os O0s
Ox 0y oz
ot ot ot

cos(t) sin(t) O
0 0 1
—rsin(t) rcos(t) O

We will use ‘Vm(r,s, t)‘ =T.



This parameterization is a map from cylindrical coordinates,
rst-space, to rectangular coordinates, xyz-space:

rst-Rectangular Prism xyz-Cylinder
radius: r,

height : s,

‘V (rst)‘= —

x(r,s,t) =rcos(t)

y(r,s.t) =rsin(t)
z(r,s,t)=s



Find Hj x° +y? + z°dx dy dz over the region x* +y* +z° =9
R

x(r,s,t) = rcos(t) X2 + yz +172=9
yrs.)y=rsin(t)  (;co5(t))? +(rsin(t))? + 2 = 9
z(r,s,t)=s 2+s2=9

Use ‘nyz(r,s,t)‘=r r=+v9-s°> with-3<s<3

T \/—752
]' i 9_[ (r2 +sz)(r)dr ds dt = ?Tﬁ
0-3 0
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Find Hj x* +y? + z’dx dy dz over the region x* +y* +z° =9:
R

X>+y?’+2°=9 x(r,s, t) = rv9—s? cos(t)
(rcos(t)) +(rsin(t))* +s>=9  y(r,s,t) = ry9—s? sin(t)
r’+s>=9 z(r,s,t) =5 -
r=v9-s> with—-3<s<3 Calculate V,_,(r,s,t) = r(s* - 9) i
27

(x(r,s, t)’ +y(r,s, t)° + z(r,s,t)z)‘r(s2 - 9)‘dr ds dt = ?ﬂ:

[l

O ey |2
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Plot x° + y* + z* = 9 using your custom coordinates :

x(r,s,t) = rv9 —s? cos(t) 0= X[y S 5 £.1 = rSqrt[9 - sA2] Cos[t];
. yIr s 5t ]1=rSqrt[9-sA2) Sin[t];
y(r,s, t) = rv/9 —s? sin(t) P T L

z(r, S, t) =g ParametricPlot3D[{x[1, s, t], y[1, s, t]1, z[1, s, t]1}, {s, -3, 3}, {t, 0, 2Pi}]




Here's a peanut plotted with spherical coordinates :

In[1]:=

Out[6]=

Clear[x, ¥, 2, r, 5, £, rad]

rad[s_] =Cos[25s] + 2;

x[r_, s_,

ylr_, s_,

z[r_, 5_,

Coes[t] Sin[s];
5in[t] Sin[s];

ParametricPlot3D[{x[rad[s], 5, t], ¥[rad[s], 5, t], z[rad[s], 5, £]}, {5, @, Pi}, {t, @, 2Pi}]

Created by Christopher Grattoni. All rights reserved.




Here's its volume using spherical coordinates :

Clear[x, ¥, 2, r, s, t, rad]
rad[s_] =Cos[2s] + 2;

X[r_y5 4,1t ] =rCos[t] 5in[s]; :
ylr_ys_,t_] =rSin[t] 5in[s];
z[r_ 45 43t _]1=rCos[s];
oL
2 rx rrad[s] 3 .
Jﬂ f Jﬂ r-Sin[s] drdsdt
a a Ja
916 7 -2
185
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Here's its volume using custom coordinates :

Clear([x, y, z, r, 5, t, rad]
rad[s_] =Cos[2s] + 2;

x[r_,s_, t_]
ylr_, s_, t_]
t_1]

z[r_y 5_,

= rrad[s] Cos[t] Sin[s];
rrad[s] Sin[t] Sin[s];
-

rad[s] Cos[s];

Clear[gradx, grady, gradz, Vxyz];

gradx[r_, s_, t_] = {D[x[r, s, ], r], D[x[r, s, t], s], D[x[r, s, t], t]};
{D[y[r, s, t], r], D[y[r, s, t], s], D[y[r, s, t], t]1};
{D[z[r, s, t], r]1, D[z[r, s, ], s], D[z[r, 5, ], t]1};

grady[r_, s_, t_]
gradz[r_, s_, t_]

Vxyz[r_, s5_, t_] = Simplify[Det[{gradx[r, s, t], grady[r, s, t], gradz[r, s, t]1}]]

J‘zxjleﬂhs [Vxyz[r, s, t]] drdsdt
a a a8

2 (2+Cos[2s])°5in[s]

916 =
185




