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Let C be a closed curve with a counterclockwise parameterization. Then the net
flow of the vector field ACROSS the closed curve is measured by:

c_[)FieId(x, y) e outerunitnormal ds

b
= [Field(x(t), y(t)) o (y' (), —x'(t))dt

- 4‘; c—h(x, y)dx + m(x, y)dy

Let region R be the interior of C. If the vector field has no singularities in R, then
we can use Gauss-Green:

= (am a“) dx dy Let divField(x, y) = ‘;’;‘ + g;.

— HdwFleId(x y) dx dy
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Let C be a closed curve parameterized counterclockwise. Let
Field(x,y) be a vector field with no singularities on the interior
region R of C. Then:

CIDFiEH(X. y) e outerunitnormal ds = I j divField(x,y) dx dy
c R

This measures the net flow of the vector field ACROSS the closed
curve.

We define the divergence of the vector field as:

divField(x,y) = %'x“ + o = D[m[x, y], x] + D[n[x, yl, yl

oy
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Let C be a closed curve with a counterclockwise parameterization. Then the net
flow of the vector field ALONG the closed curve is measured by:

c_‘SFieId(x, y) eunittan ds
C

b
= IFieId(X(t), Y(t)) ° (x '(t)' y '(t))dt

— @C m(x, y)dx + n(x, y)dy

Let region R be the interior of C. If the vector field has no singularities in R, then
we can use Gauss-Green:

= (a“ 6m] dx dy Let rotField(x, y) = 2: - %’y“.

— ” rotField(x,y) dx dy
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Let C be a closed curve parameterized counterclockwise. Let
Field(x,y) be a vector field with no singularities on the interior
region R of C. Then:

§>Field(x, y) eunittan ds = I I rotField(x,y) dx dy
C R

N>
rl

This measures the net flow of the vector field ALONG the closed
curve.

We define the rotation of the vector field as:

on oOm
rotField(x,y) = —
(x,y) o

= D[n[x, y], x]-D[m[x, yl, y]
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Constructing a three-dimensional analog of using
the Gauss-Green Theorem to compute the net
flow of a vector field across a closed curve Is
not difficult. This is because the notion of

divergence extends to three dimensions pretty
naturally.

We will save the three-dimensional analog of flow
ALONG for next chapter...
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Let R be a solid in three dimensions with boundary surface (skin)
C with no singularities on the interior region R of C. Then the
net flow of the vector field Field(x,y,z) ACROSS the closed
surface is measured by:

ﬁ)Field(x, Y, z) e outerunitnormal dA
C

_ j j j divField(x,y,z) dx dy dz
R

Let Field(x,y,z) = (m(x,y, z),n(x,y, z),p(x,y,z)).

We define the divergence of the vector field as:

om an N op

oxX 6y 0z

= DImIx, y, z], x] + DIn[x, y, z], y] + DIp[x. y, z], Z]
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divField(x,y,z) =




r \

.........

Let V be a solid in three dimensions with boundary surface (skin)
S with no singularities on the interior region V of S. Then the
FLUX of the vector field F(X,y,z) across the closed surface is
measured by:

cﬂ>(Fon)dS=Iy(VoF)dV

S

Let F(x,y,2) = (m(x,y, z),n(x,y,z),p(x,y,z)).

LetV = 0 . 0 . 9 be known as "del", or the differential operator.
OX 0y o0z
— 6m on ap
Note divField(x,y,z) =V oF =
ivField(x,y, z) ° o ay "

Finally, let n = outerunitnormal.
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Let Field(x,y) = (7x +2,y-— 6) and let C be a closed curve given by

C(t) = (x(t),y(t)) = (sin2 (t), cos(t) + sin(t)) for — % <t< 3%

Is the net flow of the vector field across the curve from inside to outside or

2
outside to inside?

om oOn if

divField(x,y) = +—=7+1=8
iIvField(Xx, y) ox oy

1

i 2

{)c —n(Xx, y)dx + m(x, y)dy = I j divField(x,y) dx dy = I j 8 dx dy
R R
Since divField(x,y) is ALWAYS positive for all (x,y) and there are no

singularities for any (x,y), this integral is positive for any closed curve.

That is, for ANY closed curve, the net flow of the vector field across

the curve is from inside to outside.
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Let Field(x,y,z) = (—x +y* —cos(z),-y’ + xz,-3z+ 8x — 3ey).

Let C be the a bounding surface of a solid region. '.
Is the net flow of the vector field across the surface from« |
inside to outside or outside to inside?

om on Op
+—+
OX 0oy o0z
Since Field(x, y, z) has no singularities inside R:
cﬁ‘)FieId(x,y, z) e outerunitnormal dA = j I I divField(x,y, z) dx dy dz
C R

divField(x,y,z) = =-1-3y’-3=-3y’ -4

=IH—3y2—4dxdydz<0
R

So for ANY closed surface, the net flow of the vector field across
the surface is from outside to inside.



SHAVOICIREASOIIPELATION Altogetlaet
Let Field(x,y,z) = (sin(y)+z5 ,2X° cos(x), sin(5xy) —3xe¥ ")), -

Let C be the bounding surface of a solid region. Zi "
Is the net flow of the vector field across the surface front:
inside to outside or outside to inside?

6m+6n+6p=0
OXx 0y 0z

Since Field(x, y, z) has no singularities inside R:
<ﬂ>FieId(x,y, z) e outerunitnormal dA = J' I I divField(x,y, z) dx dy dz
C R

divField(x,y,z) =

=HIdedydz=0
R

That is, for ANY closed surface, the net flow of the vector field across
the surface is 0 Created by Christopher Grattoni. All rights reserved.
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Let R be a solid in three dimensions with boundary surface (skin) C with no
singularities on the interior region R of C. Then:

If divField(x,y,z)>0 for all points in C, then all these points
are sources and the net flow of the vector field across C
is from inside to outside.

If divField(x,y,z) <0 for all points in C, then all of these
points are sinks and the net flow of the vector field
across C is from outside to inside.

If divField(x,y,z) = 0 for all points in C, then the net flow of
the vector field across Cis O.
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Let Field(x,y) = (x2 —2xy,—-y’ + x) and let C be the rectangle bounded by

x=-2,x=5,y=-1,and y = 4. Measure the net flow of the vector field
across the curve.

divField(x,y) = 8_m + 6_n =2x—4y
ox oy

—= L %] Lad A4
T T T

o —n(x. y)dx +m(x,y)dy = [ divField(x,y) dx dy }

R

= jj(Zx—4y) dx dy

2

=-105

Negative. The net flow of the vector field across our closed curve

L=
—
—k
]
fad
F=

—r

is from outside to inside.



Let Field(x,y,z) = (ny, -y?,5z + 4xz) and let C be the rectangular prism

boundedby -1<x<4,-2<y <3, and 0 <z <5. Measure the net flow of
the vector field across the closed surface.

am on 6p

divField(x,y,z) = =5+4x

OX ay 0z
qt__f)Field(x, y. z) e outerunitnormal dA = I J' I divField(x,y,z) dx dy dz
C

534
=‘”j 5+4x dxdydz
0-2-1

=1375

Positive. The net flow of the vector field across our closed
surface is from inside to outside.



The Divergence Theorem is great for a closed surface, but it is not useful at all
when your surface does not fully enclose a solid region. In this situation, we
will need to compute a surface integral. For a parameterized surface, this is
pretty straightforward:

j I Field(x, y, z) e outerunitnormal dA

C

= I :2 I :Z Field(x(s, t), y(s, t), z(s, t)) e normal(s, t) ds dt

What is the normal vector??
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2-Dimensions: ||3-Dimensions:

IFieId(x, y) ¢ outerunitnormal ds H Field(x,y, z) e outernormal dA
C

C

= = Ittz _Lsz Field(x(s, t), y(s, t), z(s, t)) e normal(s, t) ds dt

Field(x(t), y(t)) e outernormal dt

0 Camn T Q) C— O

Field(x(t), y(t)) e (y'(t),—x'(t))dt

In 2 dimensions, outernormal = (y'(t),—x'(t)).
This is more subtle in 3 dimensions...
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[[ Field(x,y, 2) » outerunitnormal dA = [ * [ *Field(x(s, t), y(s, t), z(s, ) s normal(s, t) ds dt
c 1 Y51

For a surface C parameterized by (x(s, t), y(s,t), z(s, t)),you can find two linearly-

independent tangent vectors to the surface using partial derivatives:
ax'ay,az and 6x'6y'62
0s Os Os ot ot ot

Use these two vectors tangent to the curve to (a" oy az)
generate your normal vector:

normal(s, t) = 6x'6ylaz X 6x'6ylaz
0s Os Os ot ot ot

OXx 0y 0z
Os Os 0Os

)-
19
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Let Field(x,y,z) = (z +y,z2- x,xz).
Let C be the bounding surface of the solid region pictured below, where C is
the union of the pointy cap, C ,and the elliptical base C,. Find the net flow

f the vector field C,.
of the vector field across C, divField(x, y, ) = om N on N op -0

For0<t<2r and OSssgz

C,: (x,(s. ).y, (s.1).2, (s, 1))

) [2 Sin(s) cos(8). sin(s) sin(b). cos(s)(1—sin(8s)) < nj

4 2

C,: (%, (s, 0).y,(s.1),2,(s, 1))
= (2 sin(s) cos(t), sin(s) sin(t), 0)
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Let Field(x,y,z) = (z +y,Z-X, xz).

Let C be the bounding surface of the solid region,
the union of the cap, C ,and the elliptical base C,.

Find the net flow of the vector field across C,.

divField(x,y,z) = Gul + ol + P =0

OX 0y 0z

fPField(x,y,2) « outerunitnormal dA = ([[ divField dx dy dz = 0
¢ R

So the net flow of the vector field across the closed surface C is 0. However, this
calculation does NOT imply that the net flow of the vector field across C, or C, is 0.



Let Field(x,y,z) = (z +Y,Z—-X, xz).

Let C be the bounding surface of the solid region,

the union of the cap, C ,and the elliptical base C,.
Find the net flow of the vector field across C, .

0= deivFieId(x, y.z) dx dy dz The next slide has an (optional)
R explanation of why this is not addition!

= <ﬂ>FieId(x, y.z) e outerunitnormal dA
C

= H Field(x, y, z) e outerunitnormal dA - jFieId(x, y, z) e outerunitnormal dA
C, c

2

So H Field(x, y, z) e outerunitnormal dA = H Field(x, y, z) e outerunitnormal dA.
c1 c2

Since C, is easier to work with, we'll use this substitute surface instead!

Created by Christopher Grattoni. All rights reserved.
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CﬂDField(x, Y. z) e outerunitnormal dA
C

= H Field(x, y, z) e outerunitnormal dA — ﬂ Field(x, y, z) e outerunitnormal dA
c1

The negative comes from the
need to reverse the normal
vectors from C2 to form C!




I I Field(x, y, z) e outerunitnormal dA

C,

= _.' Ozn I :/z Field(x(s, t), y(s, t), z(s, t)) e normal(s, t) ds dt

C,: (xz(s, t).y,(s.t).z,(s, t)) = (2 sin(s) cos(t), sin(s) sin(t),O) for0<s< g and0<t<2x

normal(s,t)=(ax2 %, 6z2}{axz oy, 6z2J

Os ' 0s ' Os ot " ot ot
i j k
ox, 0y, 0z,
- os O0s Os
ox, 0y, 0z,
ot ot ot
i j k

=|2cos(s)cos(t) cos(s)sin(t) O
—2sin(s)sin(t) sin(s)cos(t) O

= 0i — 0j + (2sin(s) cos(s) cos’(t) + 2sin(s) cos(s) sin’(t))k

— (0' 0' 2 sin(s) cos(s)) Created by Christopher Grattoni. All rights reserved.

These normals point in
the correct direction

18
because from 0 <s < E'

(0,0, 2sin(s) cos(s))
points up out of the
elliptical base.



Field(x,y,z) = (z +Y,Z—X, xz)
C,: (x2 (s.t).y,(s.t),z,(s, t)) = (2 sin(s) cos(t), sin(s)sin(t), 0)

H Field(x, y, z) e outerunitnormal dA
C2

= Iozn I:/Z Field(x(s, t), y(s. t), z(s, t)) enormail(s, t) ds dt
= j :n j:lz(sin(s)sin(t), —2cos(t)sin(s), 4cos® (t)sin’ (s)) ¢ (0,0, 2sin(s) cos(s)) ds dt

_ J':n I:/z 8sin’(s) cos?(t) cos(s) ds dt

= 270

The net flow of the vector field across C. is with the direction
of the normal vectors (down to up).



Let C be the bounding surface of a solid region such that C=C U C,
for two open surfaces C, and C,. Let Field(x,y,z) be a vector field
with no singularities contained within C such that divField(x,y,z) =0
away from singularities. Then:

H Field(x, y, z) e outerunitnormal dA = H Field(x, y, z) e outerunitnormal dA
CZ

<

This allows us to substitute C, for C, or vice-versa when
computing a surface integral. Trade a crazy surface for
a simpler one!

Note : Just because H Field(x,y, z) e outerunitnormal dA = 0, that says nothing about C_ or C,.
C



diviiela

Let divField(x,y) = %ﬂ + gy—n = 0. Here are some conclusions about the net flow

of the vector field across various closed curves:
If C doesn't contain any singularities, then c_[>—n(x, y)dx + m(x, y)dy = 0.
C

If C contains a singularity, then @—n(x, y)dx + m(x,y)dy = @—n(x, y)dx + m(x, y)dy
C

<

for any substitute curve C, containing the same singularity (and no new extras).

If C contains n singularities, then

@—n(x, y)dx + m(x, y)dy = @—n(x, y)dx + m(x,y)dy +... + @—n(x, y)dx + m(x, y)dy

C <

for little circles, C,...,C , encapsulating each of these singularities.

Created by Christopher Grattoni. All rights reserved.
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about the net flow of the vector field across various closed surfaces:

Let divField(x,y,z) = = 0. Here are some conclusions

If C doesn't contain any singularities, then <_ﬂ>FieId(x, y.z) e outernormal dA = 0.
C

If C contains a singularity, then
Cﬂ)Field(x, y, z) e outerunitnormal dA = CﬂDField(x, y, z) e outerunitnormal dA
C

<

for any substitute surface C, containing the same singularity (and no extras).

If C contains n singularities, then
cj.‘jf)FieId(x, y, z) e outerunitnormal dA
C

= <ﬂ>FieId(x, y,z) e outerunitnormal dA +... + <j"j[> Field(x,y, z) e outerunitnormal dA
C C,

for little spheres, C_,...,C_, encapsulating each of these singularities.



o X z
Let Field(x,y,z) = ( 32" Y 374" 3,4)

Ot +y*+2*) (P +y* +2*) (P +yt +2%)
and let C be the boundary to the region pictured at the right.
Find the net flow of the vector field across C.
om N on N op _0
ox 0oy oz

but we have a singularity at (0,0,0).

divField(x,y,z) =

[

Replace the surface with a small
sphere centered at (0,0,0):

c‘ﬁ‘)Field(x, y,z) e outerunitnormal dA
C

5

= I ozn j: Field(x(s, t), y(s, t), z(s, t)) e normal(s, t) ds dt

Created by Christopher Grattoni. All rights reserved.



Find normal(s, t) : ]

Clear([x, ¥, 2, 8, £, sphere, normal] ;
gingularity = {0, 0, O}:
radius = 0.2;

{x[s , £ 1, 7[5 ,t1,2[5 ,t ]} =singularity + {radius 3in[=s] Cos[t], radius 5in[=s] Sin[t], radius Cos[=2]};
mormal[s , £ ] = TrigExpand [D[{x[=, t], ¥[=s, £], 2[=, £]}, 2] =D[{x[=, £], ¥[=, £1, 2[5, €]}, £]1]

[0. +0.02C03[t] - 0.02Cos[a]® Coa[t] + 0.02Cos[t] Sin[a]®, 0. +0.02 Sin[t] - 0.02 Cos[s]® Sin[t] + 0.02 Sin[s]® Sin[t], 0. + 0.04 Coa[s] Sin[a]}

Verify they are OUTERnormals:

m iy
Show[sphere, Tahle[vector[nomal[s, t], Tail » {x[=, t], 7[=, t], 2[=, t]}, ScaleFactor - 4], {s, a, m, —}, {t, o, 2m, —H , Boxed — False,
6 6

ViewPoint -+ CView, PlotRange — All]

Created by Christopher Grattoni. All rights reserved.
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Let Field(x,y,2) = . .
( y ) ((x4 + y4 + z4 )3/4 (x4 + y4 + z4)3/4 (X4 + y4 + z4 )3/4 )

and let C be the boundary to the region pictured at the right.
Find the net flow of the vector field across C.

j 02 n I o Field(x(s, t), y(s, t), z(s, t)) e normal(s, t) ds dt = 19.446

So the net flow of the vector field across the wavy ., | |
surface (and the sphere) is inside to outside. D

Created by Christopher Grattoni. All rights reserved.



Consider the two-dimensional surface in xyz-space described by the
equation f(x,y) = sin(y) cos(%). Find the surface area of the surface

given the bounds 0 < x<4and0<y<2rn:

First, we come up with a parameterization of the surface:
X(u,v) =u

y(u,v) =v

z(u,v) = sin(v) cos(%]




Now we can think of this as a map from a uv-rectangle to a xyz-surface. I

(u,v) ) | u,v,sin(v)cos ;

Created by Christopher Grattoni. All rights rest



We can also consider how a small uv-rectangle maps into xyz-space:

W

2

-2

As in previous chapters, we'll relate a small change in area on the uv-
rectangular region relates to a change in surface area on the xyz-surface .
Notice that uv-rectangles of fixed area map into little xyz-surfaces

[ ]
Of Va I'yl ng Su rface area. Created by Christopher Grattoni. All rights reserved.



ov ov ov

Imagine a tiny rectangle in the uv-plane: (ax(u, v) dy(u,v) oz(u, v)]
=5 '

0.8
3
Jo.6
104,

oz

-]
o

du L5 [«0x(u,v) dy(u,v) 0z(u,v)
?&L " du ' du
The change in surface area that results with the xyz-surface can be
approximated by the area of the parallelogram generated by the
tangent vectors given by taking the partial derivative of the map

(x(u,v),y(u,v),z(u,v)) with respect to u and v.



< V,Of

ov ov ov

(ax(u, v) oy(u,v) 0z(u, v)]x(ax(u, v) dy(u,v) oz(u, ‘,)] (ax(u, v)qu oy(u,v) 'az(u, v))

ou ' du ' ou ov ' ov ' ov

0.a
N
Jo.6

104,

oz

dv

-]
o

du 15 (<9x(u,v) dy(u,v) 06z(u,v)
?&L " du ' éu

Now recall that the area of a parallelogram in 3D-space can be quickly

computed by finding the magnitude of the cross product of its
generating vectors. This is equivalent to the length of the normal vector

Created by Christopher Grattoni. All rights reserved.

shown above.



dv

SAxyz (u,v) = |(

ou

du

(ax(u.v) dy(u, v) az(u.v)]x(ax(u.v) dy(u, v) az(u.v))

ou

ou ov ' ov ' ov

-

A longer normal vector means
that the uv-rectangle has much
more surface area in xyz-space

_ (more curvature, really)

ou

ox(u,v) oy(u,v) 0z(u, v)] g (

ou ou

0.8
3
Jo.6
104,

oz

-]
o

1 f-ox(u,v) oy(u,v) 0z(u,v)
?&k " du ' fu

ox(u,v) oy(u,v) 0z(u,v)
ov ' v ' ov

Created by Christopher Grattoni. All rights reserved.



Given a parameterization of a surface (x(u,v),y(u,v),z(u,v)), you can
find the surface area of this surface foru, <u<u, andv, <v<v, by
integrating the following:

ox(u,v) oy(u,v) az(u v) ox(u,v) oy(u,v) 0z(u,v)
ou ' du ou ov ' v ' ov

SAXyz (u,v) =

If you write T(u, v) = (x(u, v), y(u, v),z(u, v)), you can write this a bit
more concisely as the following:

aTxaT
ou ov

_ [fer aT) (oT oT
“ Y\ ou ov) \ou v

SAXyz (u,v) =




l_']'

ene)r

(\5

CHARCANMEONRVELSION

Given a parameterization of a surface (x(u,v),y(u,v),z(u,v)), you can
find the surface area of this surface foru, <u<u, andv, <v<v, by
integrating the following:

HdA HSA (u,v) dudv

Vi Y,y

Let T(u,v) = (x(u, v),y(u,Vv),z(u,v)) be a map from uv-space to xyz-space:

Is this reminiscent of the arc length formula
oT oT from last year? It should be. Here it is:

Vil b 2
ou ov J‘\/(d_") +(:Y] 4t
5T oT 6T oT . S (L dt . t

6u 5‘, Gu GV Challenge: Find the connection!!

Then SA (u,v) =




bounds0<x<4and0<y<2n:

Let T(u,v) = (x(u, v),y(u,v), z(u, v)) = (u,v, sin(v) cos(%D forO<u<4and0<v<2n

Mathematica calculates SA__ (u,v) = or X a—T ot X ot
v ou ov) \ou ov

- %\/3(7 + cos(u)) + (3 + 5cos(u))cos(2v)

2n 4
Use Mathematica again: I I SAXyz (u,v) du dv ~ 28.298

Created by Christopher Grattoni. All rights reserved.
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. T(u,v) = (X(U.V),y(U,v),z(u,v))
g _ . u
= (u,v,sm(v) COS(ZD

The surface is made of a mixture of various metals of varying
density described by g(x,y,z) = ‘xy - z‘ g/ cm’. Find the mass of the surface.

Use Mathematica and the previously computed SA __(u,v):
27

J

g(x(u, v), y(u, v),z(u,v))SAXyz (u,v) dudv =174.221 g

© Sy 1N
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Given a parameterization of a surface (x(u,v),y(u,v),z(u,v)), you can
find the surface integral of the function g(x,y,z) for u, <u<u, and
v, <v <v, with respect to surface area by integrating the following:

.” g(x,y,z)dA I I g(x(u,v),y(u,v),z(u,v)) SA__ (u,v) dudv

Vil
Let T(u,v) = (x(u, v),y(u,Vv),z(u,v)) be a map from uv-space to xyz-space:

oT oT
_x_

ou ov

-G ()

Then SAXyz (u,v) =




Find the area of the elliptical region (2cos(t),3sin(t)) on this same surface: ,
. T(u,v) = (x(u,v), y(u,v), z(u,v))

. u
= (u,v, sin(v) COS(ED

The filled in ellipse is given by:
(2s cos(t), 3ssin(t))
for0<t<2rand 0<s<1.

To map it onto the surface, let u(s, t) = 2scos(t) and v(s, t) = 3ssin(t),and
plot (x(u(s, t), v(s, 1)), y(u(s, t), v(s, 1)), z(u(s, t), v(s, t))).



Find the érea of the elliptical region (2cos(t),3sin(t)) on this same surface:
“' T(u,v) = (x(u,v), y(u,v), z(u,v))

. u
= (u,v, sin(v) COS(ED

So we are have a second change of
variables with u(s, t) = 2scos(t) and
v(s, t) = 3ssin(t)!

|| sA,,(uv)dudv= zji SA,,(u(s, t), v(s, 1)) |A, (s, t)| ds dt

ellipse 0

Created by Christopher Grattoni. All rights reserved.



{u(s,t) = 2scos(t) y(u,v) =v
v(s, t) = 3ssin(t) z(u,v) = sin(v) cos(u / 2)

st-rectangle —

xyz-elliptical surface

So we need SA_ (u,v) to do our xyz-integral in uv-space,

and we need ‘Auv (s, t)‘ to do our uv-integral in st-space.

[[ sA,,(u,v)dudv= Tl SA,,(u(s, t), v(s, t))|A, (s, t)| ds dt

ellipse 0

Created by Christopher Grattoni. All rights reserved.



Find the area \of the elliptical region (2cos(t),3sin(t)) on this same surface:
y N T(u,v) = (x(u,v), y(u,v),z(u,v))

. u
= (u,v, sin(v) COS(ED

Using u(s, t) = 2scos(t) and v(s, t) = 3ssin(t),

ou ov
w ou ov
ot ot

2cos(t) 3sin(t)
-2ssin(t) 3scos(t)
= 6s




)

Find the area of the elliptical region (2cos(t),3sin(t)) on this same surface:
\ T(u,v) = (x(u,v), y(u,v), z(u,v))

. u
= (u,v, sin(v) COS(ED

Letting Mathematica polish this one off, we get:

21 1 2n 1

[ [ sA,.(u(s. ), v(s,)|A, (s.t) dsdt = [ [ 6sSA_ (u(s,t),v(s, 1) ds dt
00 00

~ 22.0667

Created by Christopher Grattoni. All rights reserved.



O Calidifsl n | ctor

Vector Surface Integral: Let R be a solid in three dimensions with boundary surface
(skin) C with no singularities on the interior region R of C. Then the net flow of the
vector field Field(x,y,z) ACROSS the closed surface is measured by:

<ﬂ>FieId(x,y,Z) e outernormal dA = deivField(x,y,Z) dx dy dz
. R

_”'J‘ am on 5: dx dy dz

Scalar Surface Integral: The Divergence Theorem is great for a closed surface, but it is
not useful at all when your surface does not fully enclose a solid region. In this
situation, we will need to compute a surface integral:

[[atx.y,2)dA

= f f g(x(u,v),y(u,v), z(u, v)) SAxyz(u,v) du dv

Vi Y,




