


Let C be a closed curve with a counterclockwise parameterization. Then the net
flow of the vector field ACROSS the closed curve is measured by:

c_[)FieId(x, y) e outerunitnormal ds

b
= [Field(x(t), y(t)) o (y' (), —x'(t))dt

- 4‘; c—h(x, y)dx + m(x, y)dy

Let region R be the interior of C. If the vector field has no singularities in R, then
we can use Gauss-Green:

= (am a“) dx dy Let divField(x, y) = Z'X“ + g;.

— ”dwFleId(x y) dx dy

Created by Christopher Grattoni. All rights reserved.
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Let C be a closed curve parameterized counterclockwise. Let
Field(x,y) be a vector field with no singularities on the interior

region R of C. Then:

c_f>FieId(x, y) e outerunitnormal ds = _f _f divField(x,y) dx dy
- R

This measures the net flow of the vector field ACROSS the closed
curve.

We define the divergence of the vector field as:

divField(x,y) = %'xn on _ = DIm[x, y], x] + DIn[x, yl, y]

oy
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Let R be a solid in three dimensions with boundary surface (skin)
C with no singularities on the interior region R of C. Then the
net flow of the vector field Field(x,y,z) ACROSS the closed

surface is measured by:

<ﬂ>FieId(x, y,z) e outernormal dA
C

_ j j j divField(x,y,z) dx dy dz
R

Let Field(x,y,z) = (m(x,y, z),n(x,y, z),p(x,y,z)).
We define the divergence of the vector field as:

om oOn Op
+—+
ox oy o0z
= D[m[x,y, z], x] + D[n[x, y, z], y] + D[p[x, y. z], z]

Created by Christopher Grattoni. All rights reserved.

divField(x,y,z) =




Let V be a solid in three dimensions with boundary surface (skin)
S with no singularities on the interior region V of S. Then the
net flow of the vector field F(x,y,z) ACROSS the closed surface
IS measured by:

<ﬁ>(|=-n)d5=jy(V-F)dv

S

Let F(x,y,2) = (m(x,y,z),n(x,y,z),p(x,y,z)).

LetV = 0 . 0 . 9 be known as "del", or the differential operator.
OX 0y o0z
Note divField(x,y,z) =V eF = 2M N P
Oox o0y o0z

Finally, let n = outerunitnormal.

Created by Christopher Grattoni. All rights reserved.
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Lesson 12 was about constructing a three-dimensional analog of
using the Gauss-Green Theorem to compute the net flow of a
vector field ACROSS a SURFACE. All we did was upgrade to a
surface, and extend the definition of divergence to three
dimensions.

Lesson 13 is all about constructing a three-dimensional analog of
the net flow of a vector field ALONG a CURVE.

Let’'s begin by reviewing how we did this in 2-dimensions for an
OPEN curve:

Created by Christopher Grattoni. All rights reserved.



Recall that if C is an open curve, then we can’t use the
Gauss-Green Theorem. We are stuck computing an
old-fashioned line integral.

IFieId(x, y) e unittan ds
C

Field(x(t), y(t)) e (x'(t),y"(t))dt

n‘—-' m‘—-.b'

m(x, y)dx + n(x, y)dy

Created by Christopher Grattoni. All rights reserved.
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Extending the idea of a line integral (the flow of a 3D vector field
along a curve living in 3D) is not particularly difficult. Here it is:

j Field(x, y, z) eunittan ds
C

b
- j Field(x(t), y(t), z(t)) e (x' (1), y (), 2" (t))dt

= Im(x, y,z)dx + n(x,y,z)dy + p(x,y, z)dz
C

If this integral is positive, the net flow of the vector field

along the curve is WITH the direction of the parameterization.

If this integral is negative, the net flow of the vector field

along the curve is AGAINST the direction of the parameterization.



N c il OWaGIRaRV/ECTOTr Field
OIITNNEHIVENN ©-Dimensiens
e
Let P(t) = (x(t), y(t),2(t)) = (. 2t, 4 cos(t)) be a
curve in 3D-space for 0 < t < 27. Given n

Field(x,y,z)=(—z, x,y), find the net flow of the |
vector field along the curve. |
J'Fleld(x y,z) eunittan ds

= j Field(x(t), y(t), z(t)) e (x'(t),y'(t), z' (t))dt |

- j (—4cos(t), t,2t) ¢ (1,2, —4sin(t) )dt

21
= j (—4 cos(t) + 2t -8t sin(t))dt .
5 Positive. The net flow of the vector

2 field is with the direction of the tangent
— 1671: + 471: creaed oy chis yy@Ctors shown above.



Now that we constructed a three-dimensional
analog of the net flow of a vector field ALONG
an OPEN curve, we want to generalize the
Gauss-Green Theorem so that we can handle
the idea of the net flow of a vector field ALONG
a CLOSED curve. This involves significantly
more subtlety than you might think at first.

Let's begin by reviewing how we did this in 2-
dimensions for a closed curve:

Created by Christopher Grattoni. All rights



Let C be a closed curve with a counterclockwise parameterization. Then the net
flow of the vector field ALONG the closed curve is measured by:

c_‘SFieId(x, y) eunittan ds
C

b
= IFieId(X(t), Y(t)) ° (x '(t)' y '(t))dt

— c‘ﬁc m(x, y)dx + n(x, y)dy

Let region R be the interior of C. If the vector field has no singularities in R, then
we can use Gauss-Green:

= (5“ 6m] dx dy Let rotField(x, y) = 2: - fj;y“.

— ” rotField(x,y) dx dy

Created by Christopher Grattoni. All rights reserved.
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Let C be a closed curve parameterized counterclockwise. Let
Field(x,y) be a vector field with no singularities on the interior
region R of C. Then:

$Field(x,y) e unittan ds = [[ rotField dx dy
C R

This measures the net flow of the vector field ALONG the closed
curve.

We define the rotation of the vector field as:

on oOm
rotField(x,y) = —
(x,y) o

= D[n[x, y], x]-D[m[x, yl, y]

Created by Christopher Grattoni. All rights reserved.
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In the 2D case, we needed a counterclockwise parameterization
of our curve. The notions of “counterclockwise” and “clockwise”
can be problematic in three dimensions, so we need to address

this issue!m

* Imagine you were standing atop this
surface. Are your tangent vectors
clockwise or counterclockwise relative

to you?

« But now image you are standing on
the bottom of the surface. Relative to
you are the tangent vectors clockwise
or counterclockwise?

0.0

0.4

We can sort this problem out in most situations using the “right
h a n d ru I e” : Created by Christopher Grattoni. All rights reserved.
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This gives us our fix. Just designate whatever you want to call the
top side of the surface, and check that your parameterization is
counterclockwise relative to that designation. You may want to

pick a “top” that yields a counterclockwise parameterization with
minimal work.

This is often

known as the

“Right-hand
Rule”



The vocabulary for a surface that we can designate a top side for
IS an “orientable” surface. Not all surfaces are orientable, so not
all surfaces will be accessible to us using the material in this
chapter. See the demo in the Supplemental Mathematica file!

e The Mobius Strip is perhaps
the most famous non-orientable
surface

e Why did the chicken cross the
MObius Strip?

« To get to the same side!

/ T

Next, we are going to need a 3D analog of rotField. This is going
to take a little bit of work:

Created by Christopher Grattoni. All rights reserved.
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So we've dealt with a few challenges so far:
« How do we define clockwise/counterclockwise in 3D?

« Answer: Designate a “top” side. Be kind to yourself by
picking your “top” to make your boundary curve have a
counterclockwise parameterization.

« What if you can’t designate a top side?

* Answer: Then you're in trouble. We need to work with
orientable surfaces with 2 distinct sides.

« How do we generalize the rotation of a 2D vector field,
rotField(x,y), to 3D?

« Answer: With a formula in the form of a 3-component vector
that can capture the 3 planes of rotation that can occur.

Created by Christopher Grattoni. All rights reserved.



What do we mean by 3 planes of rotation? Well, imagine a kayak
In whitewater rapids.

Surface rotation Sideways rotation Forward rotation
(whirlpool) (Eskimo roll) (hydraulic/hole)
Xy-rotation yz-rotation Xz-rotation

Created by Christopher Grattoni. All rights reserved.
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Notice that in Lesson 12, we were able to define divergence as a
dot product with del, the differential operator:

Let F(x,y,.2) = (m(x,y, z),n(x,y,z),p(x,y,z)).

LetV = 0 . 0 . 0 be known as "del", or the differential operator.
OXx o0y o0z
Then divField(x,y,z) =V oF = am on + op
oX ay oz

This allows us to compute the flow of a vector field ACROSS a
closed surface.

@(Fon)dS=j_\[j(VoF)dV

S

We can obtain our higher-dimensional analog to rotField in the
same way, but by using a cross product. We will call this curl:

Created by Christopher Grattoni. All rights reserved.
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Define the curlField using a cross product:

Let F(x,y,z) = (m(x, y,z),n(X,y,z),p(X,y, z)) andletV = (aax , aay , ai) (also known as "del")
i j k
. 0 o0 O
curlField(x,y,z) = VxF =
OX oy oz
m n P

_(op On Om Op on Om
oy 0z 0z Ox Ox Oy

This should look like the rotation of the vector field, but
redesigned to account for rotation in three different planes!

Created by Christopher Grattoni. All rights reserved.



Op on dm Jp on Om

curlField(x,y, z) =
oy ?Y 6z Ox ' ox Q
The x-component of The y-component of The z-component of
curlField(x,y,z) causes curlField(x,y,z) causes curlField(x,y,z) causes

swirl on the yz-plane swirl on the xz-plane swirl on the xy-plane




Wizl ieloly S)enisie of aiielikisiiel

Let Field(x,y,z) be a vector field, and let V be a unit vector whose tall is at the
point (Xq,Y,20):
If curlField(x,,y,.z,)®V > 0, then Field(x, y, z) delivers
a counterclockwise swirl to the unit vector, V, through

the point (x,,y,.2,)-

If curlField(x,,y,.z,) eV <0, then Field(x, y, z) delivers
a clockwise swirl to the unit vector, V, through the

point (x,,y,.Z,)-

If curlField(x,,y,.z,) eV =0, then Field(x, y, z) delivers
no swirl to the unit vector, V, through the point

(Xolyolzo)'

Created by Christopher Grattoni. All rights reserved.
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- . 2 ,2 ,3 (2' 3'5) cal : .
Given Field(x,y,z) = (—z X5,y ) and V = with its tail at
J22 +32 4+ 52
the point (1,0,—1), find and interpret curIFieId(l, 0,—1) oV:
i j k
i) curlField(x,y,z) = aax ;y ;z
_72  x?2 y3

=i(3y? — 0) - j(0 — (-22)) + k(2x — 0)
= (3y*,-2z,2x)
ii) curIFieId(l, 0, —1) =(0,2,2)

(2, 3,5)
2% +32 + 52
Positive, so the vector V feels a counterclockwise swirl around it
at the point (1,0, —1).

iii) curIFieId(l, 0, -1) eV =(0,22)e ~ 2.596
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Let Field(x,y,z) = (m(x,y,z),n(x,y,z),p(x, y,z)). Then given

an orientable surface, R, with a boundary curve, C, parameterized
in the counterclockwise direction such that Field(x,y,z) has no
singularities on R, we have:

@Field(x, y,z)eunittan ds = I I curlField(x, y, z) e topunitnormal dA
C R

Note: curlField(x,y, z) = (

Op on dm Jp On dm
oy 0z 0z oOx ox oy
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Let F(x,y,z) = (m(x y.z),n(x,y,z),p(x, y,z)) (6(2( ; ;Z] and

n = topunitnormal. Then given an orientable surface, R, with a
boundary curve, C, with a counterclockwise parameterization
such that Field(x,y,z) has no singularities on R, we have:

@F(x,y,z) e unittan ds = H(VxF)o n dA
C R

i j k

curlField(x,y,z) =V xF = 0 0 J0|_(0p On Om 0Op on 0Om
ox 0oy oz| oy 0z' 6z oOx'ox Oy
m n p

Created by Christopher Grattoni. All rights reserved.
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Let F(x,y) = (m(x, y), n(x, y)) be a 2D-vector field. We can embed it in

3D by writing F(x,y) = (m(x,y),n(x,y),O). Hence:

curlField(x,y,z) =V xF =

i j k
0 o0 0O
OX 0y 0z
m n p

{

on oOm -
0,0, 67_5] (0,0,rotFleId(x,y))

Further, let R be a 2D-region with boundary curve, C, parameterized

in the counterclockwise direction. We can embed this in 3D by thinking

of this as a flat surface in xyz-space sitting on the xy-plane. Hence, we

know that n = topunitnormal =

(0,0,1).

4>F(x,y) e unittan ds = I (Vx F) en dA
C R

= j j rotField(x, y) dx dy
R



P~ ,
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Let Field(x,y,z) = (y +2Z,X+2,y+ x) and let R be th/e/grrientable

surface shown below with boundary curve C. “

Op On om Op on oOm
oy 0z 0z Ox Ox oy

=(0,0,0) |
chFieId(x, y,z)eunittan ds = I _[ curlField e topunitnormal dA
C R

curlField(x,y, z) = (

= I I (0,0,0) e topunitnormal dA
R
=0

So the net flow of the vector field along the curve Cis 0.
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Look at our formula below. If you get a parameterization for your surface,
find normal(s,t), and go to the trouble of making sure that these are top
normals, it is reasonable to use Stokes' Theorem. In practice, it is usually
easier to do the line integral than the surface integral. We will mainly use
Stokes' Theorem when the curlField is always (0,0,0).

@Field(x, Y, z) e unittan ds = chrIFieId e topunitnormal dA
C R

t,s,

= j' j curIFieId(x(s, t), y(s, t), z(s, t)) e normal(s, t) ds dt

s

normal(s,t):(ax oy GZ]X(GX oy az)

Os 0s'0s) |\ ot ot ot
op On dm 0Op on dm
oy 0z 0z 0Ox Ox Oy

curlField(x,y, z) = (



Let f(x,,X,,...x ) be a function of n variables. Then the
gradient vector is defined as follows:

( h
v | OF oF o
\6x1 OX, axn)

The gradient vector is designed to point in the direction
of the greatest INITIAL increase.

Notice that the gradient vector always lives in one dimension
lower than function does. 3D surface? 2D gradient vector. 2D
curve? 1D gradient vector. 4D hypersurface? 3D gradient vector.



(8 b

\axl ' axz

[ of of

X, " OX

2
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Following the gradient (usually) gets us to local mins/maxes.

Created by Christopher Grattoni. All rights reserved.



X+y+2z

Now consider f(x,y,z) = . Now, Vf(x,y, z) is a 3-dimensional vector

x2+y?+22

e
field and f(x,y, z) is a 4-dimensional hypersurface. Your best bet is to think

of f(x,y,z) as a temperature function with local maximums being little hot
spots and local minimums being little cold spots. The gradient points you to
these locations:

We can use FindMaximum in
Mathematica to find a hot spot

at (0.408, 0.408,0.408). You can

also see this from the plot of the
vector field.
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A vector field, Field(x,y) = (m(x, y). n(x, y)), is a gradient

i CoS s*,crr

field if and only if the vector field has no singularities and:

7 _ 2 Equivalently: rotField(x,y) =0

Proof of "if" Part of Theorem:

If Field(x.y) is a gradient field, then Field(x,y)=(fx,fy).
Sof =f .
Xy yX



LessontifSicisIDNE&radient 1 est
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A vector field, Field(x,y,z) = (m(x,y,z),n(x,y, z),p(x,y, z)), is a gradient

field if and only if the vector field has no singularities and:

curlField(x,y, z) = (0,0, 0)

curlField(x,y, z) = (6p _On om 0Op on amj

oy 0z 0z oOx ox oy

Outline of "if" Direction of Proof: For a function f(x,y,z), we would have to show that

of of of
ox ' oy oz

the gradient field, Vf = ( ) has curlField = (0, 0, 0).

VxVf = =(0,0,0)

N

SIEEIEE
2R Q[o -
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Let Field(x,y)=(m(x,y),n(x, y)) be a gradient field, and let C be a

simple closed curve with a parameterization (x(t),y(t)) fora<t<b.
b -
1) [ Field(x(t), y(t)) e (x'(t), y'(t))dt = 0

2) $m(x, y)dx +n(x,y)dy = 0

3) The net flow of a gradient field
along a simple closed curve is 0.

Is the flow of a gradient field ACROSS a closed curve 0?
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Let Field(x,y,z)=(m(x, y.z),n(x,y,z),p(x,y, z)) be a gradient field, and let C

be a simple closed curve with a parameterization (x(t), y(t),z(t)) fora<t<bh.
b
1) jField(X(t).y(t).Z(t)) o (x'(t),y'(t),z'(t))dt=0
2) @C m(x,y,z)dx + n(x,y,z)dy + p(x,y,z)dz =0

3) The net flow of a gradient field along a simple closed
curve in 3D is 0.

Proof: If Field(x, y, z) is a gradient field, then curlField(x, y, z) = (0,0, 0).
Stokes’ Theorem: 4>Field(x, y,z)eunittan ds = ” curlField e topunitnormal dA
C

R
= ﬂ (0,0, 0) e topunitnormal dA
R

=0
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Let Field(x,y,z)=(m(x, y),n(x,y),p(x, y)) be a gradient field, and let Cbe a

simple closed curve with a parameterization (x(t), y(t),z(t)) fora<t<bh.

b
1) jField(X(t).Y(t).Z(t)) o (x'(t),y'(t),z'(t))dt=0

2) @C m(x,y,z)dx + n(x,y,z)dy + p(x,y,z)dz =0

3) The net flow of a gradient field along a simple closed
curve in 3D is 0.

Your intuition here should be that if you start and end

the same point, your net change in temperature is 0.
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Let Field(x,y)=(m(x, y),n(x,y)) be a gradient field, and let C, and

C, be different curves that share the same starting and ending point:

j m(x, y)dx +n(x, y)dy = I m(x, y)dx +n(x, y)dy

< G,
X
t A gradient field is said to be
% path independent. The net flow

of the gradient field along any
two curves connecting the same
two points is the same...

J_C_rga_ted—by Christopher Grattoni. All rights reserved.
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Let Field(x,y,z) = (m(x, y.z),n(X,y,z),p(X,y, z)) be a gradient field, and let

C, and C, be different curves that share the same starting and ending point:

I m(x,y,z)dx +n(x,y, z)dy + p(x,y,z)dz = f m(x,y, z)dx + n(x,y, z)dy + p(x, y, z)dz

C C

1 2

Proof: Since Field(x, y, z) is a gradient field, the net flow of the vector field
along a closed curve is 0:

Let C be the closed curve formed by C=C, UC,.
Then @Field(x, y,z) eunittan ds = 0.
C

= | Field(x,y, z) eunittan ds — I Field(x,y,z) eunittands = 0
C

o 2

= [ Field(x,y, z) e unittan ds = j Field(x, y, z) e unittan ds
C, C
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Let Field(x,y,z) = (m(x, y.z),n(X,y,z),p(X,y, z)) be a gradient field, and let

C, and C, be different curves that share the same starting and ending point:

I m(x,y,z)dx +n(x,y,z)dy + p(x,y,z)dz = f m(x,y, z)dx + n(x,y, z)dy + p(x, y, z)dz

C C

1 2

A gradient field is said to be path independent.

The net flow of the gradient field along any two
curves that start and end at the same points is
the same...
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