


Let f(x,y) = sin(y) + cos(x) + 2 and let R be the region in the xy-plane bounded
by x=0,x=n,y=-2n,andy = r. Calculate” f(x,y)dA:
R

= . 2 + 61+ 3w cos(x) is a function that sweeps out
“- “- (Sln (Y) + COS(X) + 2) dy dx vertical area cross sections from x = 0 to x = 7.
0

_2n If we integrate these area cross sections,
we accumulate the volume of the solid:
=n : I
dX _ ]

=—27

|:— cos(y) + ycos(x) + 2y:|::
2

I
!
[ 2

+ 67 + 3t cos(x) dx

X+ 67X + 37 sin(x)]:z

=21+ 67T
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dx dy 271t + msin(y) is a function that sweeps out
horizontal area cross sections from y = —27
to y = n. If we integrate these area cross
X=Tt sections, we accumulate the volume of the solid:

|:x sin(y) + sin(x) + 2x:|x=0 dy

-27
T

= j 21 + wsin(y) dy

27

— I:zny — 1T COS(Y):Iz::n

¥
|
— | | |
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Letz = f(x,y) be a surface and let R be the rectangular region in the
xy-plane bounded by a<x<bandc<y<d. Calculate_” f(x,y) dA:
R

db b d
1) Set up j‘ J‘ f(x,y) dx dy. 1) Set up”f(x,y) dy dx.
2) Hold y constant and 2) Hold x constant and
integrate with respect to x: integrate with respect to y:
d b d b . b
[[Fouy) ] dy = [[F(b,y)-F(a,y) |dy [[60x T dx = [[G(x,d) - G(x, ) dx
3) F(b,y) —F(a,y) is a function of y 3) G(x,d) — G(x, c) is a function of x
that measures the area of horizontal that measures the area of vertical
cross sections betweeny =cand y =d. cross sections between x =a and x =b.
So we can integrate these area cross So we can integrate these area cross
sections to get our volume: sections to get our volume:
d b

J[Fb.y)~F(a.y)]dy [[6(x.d) - G(x,c) |dx

C a



Let f(x,y) = 2sin(xy) —1 and let R be the region in the xy-plane bounded by
x=-4,x=4,y=-3,andy =3. Calculate_” f(x,y)dA:

4 3 R x=4
i' _[ (Zsin(xy) - 1) dx dy = j [— ZCO;(XY) — x} dy
-3-4 -3 x=—4
_ F K_ 2cos(4y) 4) ~ (_ 2cos(—4y) . 4))} dy
%3 y y
= j -8 dy
-3
-[-8y]_,
= —48

How did this end up negative??
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Let f(x,y) = x* + y* + 3 and let R be the region in the xy-plane bounded above by'

y = —x° + 4 and below by y = -5. Calculate” f(x,y)dA:

j [ f(x,y) dA
Xiight Yhigh (X)

=_" j (x2+y2+3)dydx

XIeft ylow( )

__" XI+4(x +y +3) dy dx

-3 -5

6
90 -10x* +3x* — X? is a function that sweeps

out vertical area cross sections from — 3 to 3.

3 3 y=—X 244
- I yx’ + y? + 3y} dx

y=-5

-3\

3( XG le —
=j 90—10x2+3x4—?]dx “a



Let f(x,y) = x* + y* + 3 and let R be the region in the xy-plane bounded above by'
y = —x?> + 4 and below by y = -5. Calculateﬂ f(x,y) dA :

If we integrate these cross sections given by R

6

90—10x2+3x4—x? fromx=-3to x =3,

we accumulate the volume of the solid:

3
= | 90—10x2+3x4—x? dx
3

QOX—EX
3

_ 15516

35

Py

3

— X

5

6

-1x=3

x=-3
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Calculate” f(x,y) dA again, but change the order of integration:
R

[[f(x,y) dA

R

Yiop Xhigh(¥)

- |

I (x2+y2+3) dx dy

ybottom XIow (y)

4

|
I S—

_i

\/ﬁ
J

Ja-y

(x2 +y? +3) dx dy

- x3 X=4,/4-y
[? +y*x + 3Xi| dy

x=— iy

26./4 —
3 y—gy 4-y +2y* /4-y is a function

that sweeps out horizontal area cross sections

fromy=-5toy=4.




Let f(x,y) = x* + y* + 3 and let R be the region in the xy-plane bounded above by'
y = —x?> + 4 and below by y = -5. Calculateﬂ f(x,y) dA :

26,/4-y 2

R
3 "3V 4-y +2y*,/4-y is a function

that sweeps out horizontal area cross sections

fromy=-5toy=4.

4(26./4-
= ( y_2y 4—y+2f*4—y]dy

3 3
y=4

4
=| ———(4-y)”’*(15y° + 41y + 261
[ o5 (4-¥)* (15" + 41y )]

y=-5

15516

n
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i_xj+4(x2 +y? + 3) dy dx and j I (x2 +y’ + 3) dx dy compute
-3 -5 _S_ﬁ

the exact same thing!!!

We have changed the order of integration. This works whenever
we can bound the curve with top/bottom bounding functions
or left/right bounding functions.

n(X)=-x"+4 ol
N X (V) = Ay R () =3y

6 -5 4 -3 -l 1 3456

=-5
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Let z = f(x, y) be a surface and let R be the non-rectangular region in the

xy-plane bounded by y = f(x) on top and y = g(x) on bottom. Calculate _[ _[ f(x,y) dA:
Xright Yhigh (X)

1) Set up I I f(x,y) dy dx Likewise for the order
Xiate Yiow (X) integration being reversed.

2) Hold x constant and
integrate with respect to y:

I [Fouy) ]2 dx = Tht[F(X.yhigh(X))—F(X.y,ow(x)):ldx

3) [F(x,yhigh(x)) ~F(X.Y,,,(x)) | is a function
of x that measures the area of vertical

and x = x

cross sections between x = X, .
eft right

So we can integrate these area cross
sections to get our volume:

xright

J [F(X' Yigh (X)) = F(X, y.,,w(x))] dx

Xieft
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Let R be the region in the xy-plane from Example 4 and 5 that is bounded above ‘
br
by y = —x? + 4 and below by y = —5. Find the area of R. st

Claim: For aregionR, Area, = I 1dA
R

Old Way: New Way:

j‘((—x2 + 4) —(—5 dx _‘!1 d‘?

j I 1 dy dx

-3 -5
3

-1 g It works!!!
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Let R be a region in the xy-plane whose boundary is parameterized
by (x(t),y(t)) fort_ <t<t_ .Then the following formulaholds:

H - am dA = Th(m(x(t):Y(t))X'(tHn(X(t).Y(t))y'(t))dt

tlow

Main Idea: You can compute a double integral

as a single integral, as long as you have
a reasonable parameterization of the boundary _
curve of the regionR.

([

Main Rule: For this formula to hold:

1) Your parameterization must be counterclockwise.
2) Yourt,  <t<t mustbring youaround the

boundary curve exactly ONCE.
3) Your boundary curve must be a simple closed curve.



. : - .
The Gauss-Green formula is also known as the

Gauss-Green Theorem or simply Green’s Theorem

Let R be a region in the xy-plane whose boundary is parameterized

by (x(t),y(t)) fort_ <t< tione Then the following formula holds :

ox oy

Main Idea: You can compute a double integral

tlow

”- on _ om dA = hj?h (m(x(t),y(t))x'(t) + n(x(t),y(t)) )dt

as a single integral, as long as you have
a reasonable parameterization of the boundary _
curve of the regionR.

Main Rule: For this formula to hold:

1) Your parameterization must be counterclockwise.
2) Yourt,  <t<t mustbring youaround the

boundary curve exactly ONCE.
3) Your boundary curve must be a simple closed curve.



eb6:Letf(x,y)=y—xy "'% and let R by the region in the xy-plane

/ 2 2 -
undary is described by the ellipse - 1.

Find ﬂ f(x,y) dx dy:

Gauss- Green H(a—n - %n) dx dy = Th( x(t), y(t))x'(t) + n(x(t),y(t))y'(t))dt
Let (x(t), y(t)) = (3cos(t), 4sm(t)) for0<t<2n

on om
Let f =—and 0 =—
(x,y) = o oy

T

Thenn x,y = jf(s,y)ds= j(y—sy+9) ds = [sy—s—y+95}
0 0

So n(x(t), y(t)) = 12sin(t) cos(t) — 18 cos’(t) sin(t) + 27 cos(t)
Further, (x'(t), y' (t)) = (—3 sin(t),4 cos(t)).

high

Plugin: | ( (x(1). y(8)x"(£) +n(x(1), y(t))y (t))
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2 2
e I&undary is described by the eIIipsjl/(%J =1.

Plug into Gauss-Green : m(x(t). y(t)) 0

tuigh n(x(t),y(t)) 12sin(t) cos(t) — 18 cos’(t) sin(t) + 27 cos(t)
[ (m(x(0, y() %" (8) + n(x(), y(£)) y " (1)) ]t ] [0,2r]

te., x'(t) —3sin(t)

= (o e (-3sin(t)) + (12 sin(t) cos(t) — 18 cos?(t) sin(t) + 27 cos(t)) )dt

(48 cos?(t) sin(t) — 72 cos® () sin(t) + 108 cosz(t))dt

e k+l e k+1 z
—_ 1087’C Hint: Lb sin“(t)cos(t)dt = suli( " ;b) — S'E " ](.a)
k+1 k+1 '

S j‘: cos ()sin(t)dt = —ccl>(s+ 1(b) N co: - ;a)

1+ cos(2t)
2

and cos’(t) =



Let z = f(x, y) be a surface and let R be a region in the

xy-plane parameterized by (x(t),y(t)) for t__

1) Gauss-Green: H (@— a_m

2) Substitute as follows :

oy

|

thigh

<St<t, .

Calculate” f(x,y)dA:
R

dxdy= | (m(x(t),y(t))x'(t) +n(x(t), y(t)

m(x(t), y(t))

0

n(x(t),y(t))

If(s,y)ds

[t

low ’ thigh ]

Bounds for t in (x(t), y(t))

x'(t)

Derivative of x(t)

3) Crunch the integral! Don't forget your trig identities.
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Prove: [ (a—“ - a_m] dA = tj' (m(x(t),y(t))x'(t) +n(x(8),y()) )dt

tlow

thigh
Let's just prove this for one piece: Show H ( g’;‘) dA = j ( x(t),y(t))x'(t))dt
R

tlow

Lety,. () be a function of x that traces the

boundary of the top half of R and let y,__(x)

trace the boundary of the bottom half of R. :

Let (x(t), y(t)) be a counterclockwise 27
'1 =

parameterization of the boundary of R for t

t,, <t<t . thattraverses the boundary only once:

Then (x(t),y(t)) fort_ <t<t . tracesout Yhigh (x)

from right to left.

Also (x(t),y(t)) fort  <t< t .. tracesouty, (x)

from Ieft to rig ht. Created by Christopher Grattoni. All rights reserved.



thigh

| m(x(t),y(t))%dt— | m(x(t),y(t))%dt

t

0
2

mid



Prove: .[Rj (& "=

tigh

t:‘j:m(x(t).)l(t))%dt— I m(x(t),y(t))%dt

t

mid

t i

] I m(x(®). y(0)x ()t I m(x(t), y(t))x’(t)dt i |
thgh " Iow( )
] I m(x(2),y()x (e - f m(x(t)rY(t))X'(t)dt\ g

th igh

=— [ m(x(t),y(t))x'(t)dt

tI ow
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Prove: [ (@ - a_mJ dA = j (m(x(t),y(t))x'(t) + n(x(t),y(t))y'(t))dt
Hence [ ( oy J dA = j (x(1), y())x'(t)dt

We can likewise prove... I I (Zx) dA = Th( x(t),y(t))y'(t))dt

Put it Together :

H(f?“ adeA H dA - jj_dA

j n(x(t),y(t))y' (dt+ j m(x(t), y(t))x'(t)dt

tlow tlow

thigh
[ (m(x(®,y(®)x' () +n(x(0), (1)) y' (1)) dt

tIow



} sd
n—wer el CLIcMl Use ‘\/\/_'r_la'ty

ytop xhlgh (y) rlght yhlgh (x) thlgh

[ ] fouyydxdy| [ [ fix,y)dydx| | n(x(t).y®)y'(® dt

Ybottom Xiow (y) xleft ylow( ) tlow

Integrate with respect to x Integrate with respect to y Use Gauss-Green when
first then y when you have a first then x when you have a you have a region R whose
region R that is bounded on region R that is bounded on boundary you can

the left and right by two the top and bottom by two parameterize with a single
functions of y: functions of x: function of t, (x(t),y(t)) for
tiow S £= thigh-
Yiian () (x(t), y(t))

h| h
X0 (¥) R >g R

t,, St<t.,

yIow (X)



