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Let Field(x,y) = (y,2x) be a vector field acting on the curve

E(t) = (x(t), y(1)) = (cos(t), 2sin(t)) + (-1,1)
Measure the net flow of the vector field along the curve:

._..F-":--""// o o ge
T Recall that this is like a set of

SN~
| underwater train tracks being

_.Hf//f
*;x/// buffeted by a swirling, violent
~ ;’: ; ; current.
P :: f
: : f ! { We can get a better picture of what
SRR is going on by just plotting the field
\ : Q :: '\\ vectors whose tails are on the curve:
NN \




| e
Let Field(x,y) = (y,2x) be a vector field acting on the curve
E(t) = (x(t), y(t)) = (cos(t), 2sin(t)) +(-1,1)
Measure the net flow of the vector field along the curve:
N
m“ﬁ 2 Can we tell if it is clockwise or
- counterclockwise yet?

How do we get a better picture of what
is going on based on what we learned

‘ | last chapter?
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Let Field(x,y) = (y,2x) be a vector field acting on the curve
E(t) = (x(t), y(t)) = (cos(t), 2sin(t)) + (-1,1)
Measure the net flow of the vector field along the curve:

Yes, at each point, we can plot the push

of the field vector in the direction of

the tangent vector to the curve:

Field(x(t), y(t)) e (x'(t), y'(t))
(x'(t),y (1)) e (x'(t),y (1)

It looks like it is a net counterclockwise

(x'(t),y'(1))

flow of the vector field along the curve,

but are we 100% positive about this?
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Let Field(x,y) = (y,2x) be a vector field acting on the curve

E(t) = (x(t), y(t)) = (cos(t), 2sin(t)) + (-1,1)
Measure the net flow of the vector field along the curve:

Our real measure is really what happens
to Field(x(t), y(t)) e (x'(t),y'(t)) around
the curve since this records when the

field helps or hurts our movement in
the direction of the parameterization,

and by how much:

Integrate it :

[ Field(x(t), y(1) o (x"(t), " (1) dt

Created by Christopher Grattoni. All rights reserved.




Let Field(x, y) = (y,2x) be a vector field acting on the curve -

E(t) = (x(t), y(t)) = (cos(t),2sin(t)) + (-1,1) \\

Measure the net flow of the vector field along the curve/ 1

/ \}
27 # .
I Field(x(t), y(t)) o (x'(t),y' (1)) dt |
0

27 v
= [ (2sin(t) +1,2cos(t) - 2) o (—sin(t),2cos(t)) dt
0

= f—z sin’(t) —sin(t) + 4 cos’(t) — 4 cos(t) dt

=27
Positive! The net flow of the vector field along the curve is
in the direction of the parameterization (counterclockwise).
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So far, we only integrated because we had a vague notion that

integrating this expression will accumulate all of the little pushes
with or against the curve and tell us whether we have a net push
in the clockwise or counterclockwise direction. We can do better:

b
j f(x) dx IF(X: y) edc
a C

o Function of a single variable o Two-component vector field, F(x,y)
o Interval [a,b] along the x-axis o Curve in space, C, with
parameterization c
o Integrate with respect to o Integrate with respect to movement
left-right (x) movement: dx along the parameterization of the curve: dc

o f(x) "times" dx o F(x,y) "dot product” dc

Created by Christopher Grattoni. All rights reserved.
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Let C be a curve parameterized byﬂca)=(x(t),y(t)) fora<t<b,
and let F(x,y) be a vector field, F(x,y)=Field(x,y)=(m(x, y).n(x,y)).

j F(x,y) e dc = j F(x(t), y(t)) e —dt

b

= [F(x(t),y(1) e ¢’ (t)dit

Field(x(t), y(t)) e (1), y '(t))dt

1
Q0 ‘e 5 o)

This is called the line (path) integral of the vector field along the curve.




Let Field(x,y) = (m(x, y). n(x, y)) and let C be a curve
parameterized by (x(t),y(t)) fora<t<bh.

b
[ Field(x(t), y(t) « (x"(1), y " (t)dt

(mOx(), (1), n(x(1), y (1)) e (x" (1), y " (t))dt

m(x(t), y(£)x'(t) + n(x(t), y(t))y'(t) ) dt

Y

A 0 T 0 T o T

dx dy
m(x(t), y(t)) 4t dt + n(x(t), y(t)) Jt dt

m(x, y)dx + n(x, y)dy



If Cis aclosed curve with a If Cis not closed:
counterclockwise parameterization:
Integral : Integral :
b
b . . .
j Field(x(t), y(t)) e (x'(t),y'(t))dt j;Fleld(x(t). y(t)) e (x'(t),y'(t))dt

!

Il
n'—. 0 C—— T~

(m(x(t), y(£))x' (1) + n(x(t), y(t))y'(t) ) dt

(m(x(2), y(£)x'(£) + n(x(t), y(£)y' () )dt

m(x, y)dx + n(x,y)d
= c_ﬁcm(x,y)dx+n(x,y)dy (:y) (x.y)y
These integrals are used to compute net Without a closed curve, the integral is
flow of the vector field along the closed measured whether the net flow along the
curve (clockwise or counterwise or 0). open curve is in the direction of
They can be modified to measure flow of parameterization or against it, and whether
the vector field across the closed curve the net flow across the open curve is from

(inside to outside or outside to inside) with  “above to below” or “below to above.”
relative ease.

The physics interpretation of “flow along” is “work.”
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Let C be a closed curve with a COUNTERCLOCKWISE parameterization:

If @C m(x, y)dx + n(x, y)dy > 0, then

the net flow of the vector field along the
curve is counterclockwise.

If @C m(x, y)dx + n(x,y)dy < 0, then

the net flow of the vector field along
the curve is clockwise.

<I>c m(x, y)dx + n(x, y)dy can equal 0.

Created by Christopher Grattoni. All rights reserved.



Let Field(x,y) = (3y,—x?) be a vector field acting on the ellipse (X ; 1] +y* =1

Compute §C m(x, y)dx + n(x, y)dy :

Field and Curve:

Vectors on Curve:

ved.

Component of Field

Vectors in the

Direction of the

Tangent Vectors




Let Field(x,y) = (3y,—x°) be a vector field acting on the
2
x—1

> ) +y? =1. Compute @C m(x, y)dx + n(x, y)dy :

ellipse
i ( © Counteroloohwice

Field(x,y) = (m(x,y).n(x,y))  E(t) = (x(t),y(1)
= 3y, —x?) = (2cos(t),sin(t)) +(1,0)

b
Gmix, y)dx +n(x,y)dy = [(m0x(t), y(£)x' (1) +n(x(t), y()y'(1))dt

= f cos(t) — 4 cos’(t) — 4cos’ (t) — 6sin’(t)dt
0

=—-10n
Negative! The net flow of the vector field along the curve is

against the direction of the parameterization (clockwise).



Let Field(x,y) = (y,x+y) be a vector field acting on the curve
E(t) = (x(t), y(t)) = (cos(t), 2sin(t)) +(2,0)
Measure the net flow of the vector field across the curve:

We can get a better picture of what
is going on by just plotting the field
vectors whose tails are on the curve:

‘.\\"F\\-K'If\ﬁr ..:*,
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Let Field(x, y) = (y.x+y) be avector field acting on the curve
E(t) = (x(t),y(t)) = (cos(t),2sin(t))+(2,0)

Measure the net flow of the vector field across the curve:

4_

Better, but we can improve
our picture further:

Created by Christopher Grattoni. All rights reserved.



Let Field(x,y) = (y.x+y) be a vector field acting on the curve

E(t) = (x(t), y(t)) = (cos(t),2sin(t)) +(2,0)

Measure the net flow of the vector field across the curve:

A

At each point, we can plot the push
of the field vector in the direction of
the normal vector to the curve:

Field(x(t), y(t)) o (y '(t), —x (1))
(y' (1), —x'(t)) o (y (1), —x'(1))

(y (1), —x'(t))

It looks like it is a net flow of the

vector field across the curve from
inside to outside, but we want to
verify this numerically:

Created by Christopher Grattoni. All rights reserved.
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Let Field(x,y) = (y.x+y) be a vector field acting on the curve
E(t) = (x(t), y(t)) = (cos(t), 2sin(t)) +(2,0)
Measure the net flow of the vector field across the curve:

A

Our real measure is really what happens
to Field(x(t), y(t)) e (y'(t),—x'(t)) around
the curve since this records when the

field pushes us left or right relative to our

direction of travel, and by how much:

Integrate it :

I Field(x(t), y(t)) e (y'(t),—x'(t)) dt
0

Created by Christopher Grattoni. All rights reserved.




Let Field(x,y) = (y,x+y) be a vector field acting on the curve

E(t) = (x(t), y(t)) = (cos(t),2sin(t))+(2,0)
Measure the flow of the vector field across the curve:

[ Field(x(t), y(1)) o (" (1), —x' (1)) dit ﬁ

21
= I (2sin(t), cos(t) + 2sin(t) + 2) ¢ (2cos(t), sin(t)) dt
0

= fZSin(t) +5cos(t)sin(t) + 2sin®(t) dt

0
= 27
Positive! The net flow of the vector field across the curve is

with the direction of the normal vectors. For a counterclockwise
parameterization, this is from inside to outside.



If Cis aclosed curve with a
counterclockwise parameterization:

Integral : Integral :

b 2 ' '
IFieId(x(t), y(t)) o (y'(t),—x'(t))dt IFleld(X(t).y(t)) o (y'(t),—x'(t))dt

b
(=n(x(t), y()x' (1) + m(x(t), y(t)y ' (1) )dt = I (—n0x(1), y(©)x' (1) + m(x(2), y()y " (1) ) dt

0 S

= $—n(x, y)dx + m(x,y)dy ) i_n(x' y)ox+mixyldy

With a closed curve, the integral measures Without a closed curve, the integral
whether the net flow ACROSS the closed measures whether the net flow ACROSS
curve is from “inside to outside” or from the open curve is from above to below the
“outside to inside.” curve or from below to above.

The physics interpretation of “flow across” is “flux.”

Created by Christopher Grattoni. All rights reserved.



eSS UGIng RESNET FIow
Fielel ACHOS S cu@tinye

Let C be a closed curve with a COUNTERCLOCKWISE parameterization:

If c_ﬁc —n(Xx, y)dx + m(x,y)dy > 0, then

the net flow (flux) of the vector field
across the curve is from inside to outside.

If CI)C —n(x, y)dx + m(x,y)dy < 0, then

the net flow (flux) of the vector field
across the curve is from outside to inside.

45 c N y)dx+m(x,y)dy can equal 0.

Created by Christopher Grattoni. All rights reserved.



Let Field(x,y) = (—x — cos(y),—y + sin(x)) be a vector field acting ‘

on the circle x* + y* = 1. Compute <j>c —n(x, y)dx + m(x,y)dy :
Component of Field

Vectors in the

Direction of the

Normal Vectors

¥ /éf'////;,//

/
¥
y

— - 4
— A ‘
A f_l_j
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Let Field(x,y) = (—x —cos(y),-y + sin?;)) be a vector field acting on ‘
the circle x* + y* = 1. Compute C.[)C —n(x, y)dx + m(x y)dy :

&w(tam/mfmw
Field(x, y) = (m(x, y).n(x,y)) c(t) = (x(t), y(t))
= (—x — cos(y), -y + sin(x)) = (cos(t), sin(t))

b
—n0x,y)dx +m(x,y)dy = [ (-n0x(t), y(0)x" (1) + m(x(2), y(B)y " (1) ) dit

= 27

Negative! The net flow of the vector field
across the curve is from outside to inside.
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2xsin(x) + 3y cos(y)

X2 +y2

Start with a surface f(x,y) = -
e

Now let's take a look at the
gradient field, Vf, associated
with the surface:

L
T
L o
Ty
2
a
Created by Christopher Grattoni. All rights reserved.
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Now plot Vf(x,
wp (x,y) = (ax

Consider an elliptical path (x(t),y(t)) on the surface for 0 < t < 2r:

, | 0.9¢cos 4% 1.1sin 437 +(o,o.1)
g 2 2

‘hh-h‘h-hﬁ.* P

3 1 x E { i: :1 } 5 ':f‘:: . Compute the net flow of the gradient
oA bt 2 7rs%]

YRRAAAY 1777 fleld along the curve:

—————wORN PV

" iistatet jFleId(x(t) y(t)) e (x'(t),y'(t))dt

i e i i . i i

T/ \

of of
j (a— 5)-@ (), y'(1)dt

J-df(x(t) YD) (Chain Rule)
! dt

Let's interpret this using the surface...




NElowaeaNE&radient
yeig 2zl Closeclu@sinys
j
[ Field(x(t), y(1))  (x'(8), y* ()t = | (a—f.a—f] o (x'(1),y" ())dt
0 o \OX 0y
_ s df(x(t), y(t)) dt
T a
= f(x(2n), y(2r)) — f(x(0), y(0))

=0

This represents the net change in height
(altitude) on the curve from 0 to 2n
along the path (x(t),y(t)).

What should this be for our

closed curve?

Yes! 0!! The net flow of a gradient field

along a closed curve is 0.



Let Field(x,y)=(m(x, y). n(x, y)) be a gradient field, and let C be a

simple closed curve with a parameterization (x(t),y(t)) fora<t<b.

b
1) [Field(x(t), y(t)) e (x'(t),y'())dt =0

2) @C m(x, y)dx +n(x,y)dy =0

3) The net flow of a gradient field along a simple closed curve is 0.
Why is this intuitively true?
How do we know a closed curve can't be a trajectory
of a gradient field?
Is the net flow of a gradient field ACROSS a closed curve 0?



Let Field(x,y)=(m(x, y). n(x, y)) be a gradient field, and let C be a

simple closed curve with a parameterization (x(t),y(t)) fora<t<b.

b
1) [Field(x(t), y(t)) e (x'(t),y'())dt =0

2) $.m(x,y)dx +n(x,y)dy =0
3) The net flow of a gradient field along a simple closed curve is 0.

For this reason, gradient fields are called
conservative vector fields. We also say

that gradient fields are irrotational.




SEahe Ve owae i ANYAVector

oy z1 C osed SUITVE _J/r':"ro:)

St

Let Field(x,y) = (yex.xey) and keep the same curve, & CoantercloeKuwice \

(0.9 cos(t + 37“),1.1 sin(t + ‘%"D +(0,0.1)

[ Field(x(t), y(t)) e (x'(t),y' ())dt ~ 0.548155

| ;m;*;;i;if‘:’; So the net flow of a general
| §§§$’*“ﬁ£§§§ﬁf«ﬁ vector field along a closed curve
i ({1 need not equal 0.
il
H E ;f éf The net flow of the vector field
éf;%;;ﬁ_ﬁ __________ along the curve is counterclockwise.

Created by Christopher Grattoni. All rights reserved.
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The last two examples clearly show the advantages to knowing whether
our vector field is a gradient field or not. This motivates us to ask the
question, "Given a vector field, how do we know if it is a gradient field?"

Here are a few vector fields. Try to classify them as
"gradient fields", or "not gradient fields":

Vector Field Gradient? Why?

(')
(ye" . xey)

(x+1,—y+4)

Created by Christopher Grattoni. All rights reserved.
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A vector field, Field(x,y) = (m(x, y). n(x, y)), is a gradient
field if and only if it is defined at all points (x,y) and:

on(x,y) om(x,y)
ox oy

Proof of "if" Part of Theorem:

If Field(x.y) is a gradient field, then Field(x,y)=(fx,fy).
Sof =f .
Xy yX



radicni LU

-~

The Gradient Test :
1) on _ om
oy

OX
2) No singularities




Try again to classify these vector fields as "gradient

fields", or "not gradient fields":

Vector Field Gradient? Why?

(')
(ye" . xey)

(x+1,—y+4)

Created by Christopher Grattoni. All rights reserved.



Find a function f(x,y) that yields Vf(x,y)=(xy2 +2,X°y — 1).
of .

of
We want an f(x,y) such that — = xy’+2 and — = x’y—1:
(xy) Ox Xy oy y
2_.2
If %f = xy’ + 2, then f(x,y) =J‘(xy2 +2)dx = Xy + 2x + o(y).
of

Hence, — = X’y + ¢'(y).
oy y+6¢'(y
of of
If —=x°y+0¢'(y)and — = x’y—1, then ¢'(y) = -1.
oy y+¢'(y oy y ¢'(y

X2y2

So ¢(y)=-y+c= f(x,y) = +2X—-y+c¢C
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Find a function f(x,y) that yields Vf(x,y)=(xy2 +2,X°y — 1).
We want an f(x,y) such that % = xy’+2 and % =x’y—-1:
2.,2
If %f = x’y -1, then f(x,y) = I(xzy—l) dy = Xy —y + y(x).
Hence, 6_f = xy’ + y'(x).
OX
Ifa—f—xy +y'(x) and a—f_xy +2, then y'(x) = 2
OX OX
X2y2
So y(x) =2x+c = f(x,y) = > y+2X+C



Start with a familiar surface f(x,y) = —

2xsin(x) + 3y cos(y)

e
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X2+y

2

Let's look at the surface, the gradient field, and a contour plot:




2xsin(x) + 3y cos(y)

Start with a familiar surface f(x,y) = - iy

e
Let's compute _f m(x,y)dx+n(x,y)dy for C ,© ,and C, :
C

C, : (x,(t),y,(t) =(t,t2 +§—1) —-2<t<0

0
[ Field(x, (1), y, (1)) o (x, "(1), y, "(t))dt = 0.597

dt ~ 0.597 (Chain Rule)

j’- df(x, (1),y, (1))
dt

Our change in height from the starting point

to end point is up 0.597 units.

Created by Christopher Grattoni. All rights reserved.



2xsin(x) + 3y cos(y)

X2 +y2

Start with a familiar surface f(x,y) = —
e

What might you expect _f m(x, y)dx + n(x, y)dy for © to equal?
C

25 /4
j Field( )e( )dt =~ 0.597
0

25nt/4 f
j df( 7 ) dt ~ 0.597 (Chain Rule)

Our change in height from the starting point

to end point is up 0.597 units.

-2 Created by Christopher Grattoni. All rights reserved.
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2xsin(x) + 3y cos(y)

Start with a familiar surface f(x,y) = - iy

e
Why did that happen? Can we generalize this phenomenon?




Let Field(x,y)=(m(x, y), n(x, y)) be a gradient field, and let C, and

be different curves that share the same starting and ending point:

j m(x, y)dx +n(x,y)dy = I m(x, y)dx +n(x, y)dy

A gradient field is said to be
path independent. The net flow

of a gradient field along any
two curves connecting the same
two points is the same...

Hﬁ%ﬁlﬂd—b y Christopher Grattoni. All rights reserved.
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2xsin(x) + 3y cos(y)

Start with a familiar surface f(x,y) = - ry?
eX +

So what is the simplest path from (-2,2) to (0,-1) so
we can find I m(x, y)dx + n(x, y)dy ??
C

S Ay e
R Rt SN N S A O e A SR SR
[ f ” - - 0k i
ST
NNNNANN Nt r Al Hint: What's the most direct
B L L °
RN T path between two points??
ﬁﬁﬁﬁﬁﬁ ‘ -a ; ‘ Ny e
s e
NS
» AN L
"“#’f}‘" \‘K"M'&"h‘hh
“isiyy t\‘,&\““..
IR SERRNNNN:
L : ;:: : :l 4 + % % % % Created by Christopher Grattoni. All rights reserved.
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2xsin(x) + 3y cos(y)

X2 +y2

Start with a familiar surface f(x,y) = —
e

That's right! Let C, be a line connecting (-2,2) and (0,-1):
C, :(x,(t),y, (1) =(-2,2)+t2,-3) 0<t<1

.[ Field(x, (t),y,(t)) o (x, (), y, "(t))dt
0

df(x,(t),y,(1))
dt
Our change in height from the starting

dt ~ 0.597 (Chain Rule)

© ey |

point to end point is up 0.597 units.

Using "path independence” in this way is

called "picking a replacement curve."

Created by Cimnswpiier Grauuvii. An nyins reseiveu
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. 2xsin(x) + 3ycos
Find I m(x, y)dx + n(x, y)dy for f(x,y) = - ( )2+ zy (y)
e ™Y

i

Yvhere C connects (—-2,2) and (0,-1). What is an even easier way??

N

jEmm

f——

[

‘_"‘-\-\._\.

-
-\_\—_

it

™

[

i

If you know the equation for the surface, then your easiest

j F-eld(x(t) y(t)) o (x'(t),y" (1))dt

o f £ df(x(t), y(t)
dt

~ (x(b), y(b)) — F(x(a), y(2))

=1(0,-1) - f(-2,2)

~ 0.597

bet is to just find your change in height! f(x,,y,) —f(x,,y,)!!
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df(x(t), y(t) ..
dt

= f(x(b), y(b)) - f(x(a), y(a))

e |

m'—.b‘

Field(x(t), y(t)) o (x' (1), y'(£))dt =

o
a

H \ The net flow of a gradient field
. i along a closed curve is just your

4 change in height:

A 5 f(x,.y,)—f(x,,y,)

I
=
i
|

R

Fundamental Theorem of Line Integrals




Start with a vector field (m(x, y), n(x, y)) = (y, 2X + y).

a) Is our vector field a gradient field?

il
y 4

"Iﬁ I\.‘ ?.‘: LY

<y

=1 =2
oy OX

S S NN
R S N
s O Y
P . . SR S S

—

mmmmmm—*—-::*-rff
AR ka8 PR

N7

N\
A
f

Not a gradient field!

1 1
Vd F
jf’#’*-}**mmumm

A X v 5
j’*”'*—#‘-}—h*-&.mmim

ORRORRY R
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Start with a vector field (m(x, y), n(x, y)) = (y, 2X + y).
b) Calculate jm(x, y)dx +n(x,y)dy for C_ and C, :

C, :(x,(1).y,())=(-2,2)+t2,-3) 0<t<1
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; ; cz :(Xz(t).yz(t))=(t,t2+E—1) —-2<t<O0
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; I jFieId(x1 (1), y, () e(x, (1), y, (t))dt
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l A = I—9t +10dt
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:;::-an x X The net flow of the vector field along curve
fxff*-“‘ X C, isin the direction of parameterization.
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The net flow of the vector field along curve
< %X C, is in the direction of parameterization.




Start with a non-gradient vector field Field(x,y)=(y, 2X + y).
Calculate Im(x, y)dx +n(x,y)dy for C. and C, :
C

C, 1 (x (1), y, (1) =(-2,2) + 1(2,-3)

[ Field(x, (1), y, (0) o (x,"(8),y, "(D)dt = [-9t+10dt ==

0<t<1
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0

C, : (x,(t),y,(t)) = (t,tz +;—1) —2<t<0

( 0
I Field(XZ (t), yz (t)) ) (XZ '(t)' yz '(t))dt — J‘ 2t3 + .
-2 )
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We define a gradient field to be a vector field (m(x, y). n(x, y)) such that

there exists a function z = f(x, y) such that

(m(x,y).n(x,y) = VE(x,y) = (%f%fj

Gradient fields have the property that there is a surface associated with
them. Sources correspond with minima and sinks correspond with maxima.
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, then — =—
XE.’oyZ ay x3y3
1 on 2
n(x,y) = , then — =—
( y) X2y3 ax X3y3

This looks like a gradient field, but technically it is not

because we have singularities at all points such that x =0
ory=0.
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